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Fig. 1 Pressure distribution: elliptic wing, NACA-0012 cross section,
M^ - 0.63, a = 2 deg.
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Fig, 2 Comparison of computed lift coefficients with incompressible
lift coefficients corrected for compressibility effects.

for the elliptic NACA-0012 wing is shown in Fig. 1 for several
different aspect ratio wings. The pressure distribution for the
infinite wing showed excellent agreement with a solution7 to
the full inviscid equations. The lift coefficient as calculated
from Eq. (1 Ob) reduces to

(14.)

(14b)CL=0.324-0.314/&

The first term represents the lift coefficient for a --two-
dimensional wing and the second term the correction due to
finite aspect ratio. It should be noted that these results are
derived from an asymptotic theory and are therefore formally
valid as /R— oo. For an aspect ratio of 8 the lift of the finite
wing is 13,7% less than the infinite aspect ratio wing.

While wind-tunnel test results are not available for com-
parison with these results, it is interesting to compare the
computed lift coefficients to those calculated from in-
compressible lifting line theory corrected for compressibility
effects. One method for correcting Prandtl's incompressible
theory is.based on a simple stretching of the wing chord by
1//3. The corrected lift coefficient8 is

A different correction

(15)

(16)

in which the effective angle of attack is also modified has been
proposed by Tsien.and Lees.9 Both these corrections are
based on a stretching of the chord by 1//5 and ignore thickness

effects. The lift coefficients at infinite M disagree with the
two-dimensional calculation. Multiplication of Eqs. (15) and
(16) by 0.324/27ra//3 provides the correct asymptotic limit.
The revised corrections and the computed result [Eq. (14)] are
shown in Fig. 2. For comparison, results from Prandtl's and
Van Dyke'si0 incompressible theories are shown.

V. Summary
The algorithm described is appropriate for computation of

shock-free transonic flows about unswept wings. In addition
to the subcritical flow calculated, supercritical flows can also
be computed providing they are shock-free flows. The airfoil
sections designed by Garabedian and Korn n and at NLR12 fit
this class. At present, the computer code is being modified to
calculate flows with embedded shock waves.
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Pressure Pulsations on a Flat Plate
Normal to an Underexpanded

Supersonic Jet
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Introduction
1 HIS Note is concerned with the interaction between an

underexpanded supersonic gas jet and a flat plate with the
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plate located in a region in which the interaction produces
shock wave and flow fluctuations.1 In this study, the
magnitude and frequency of pressure pulsations on the plate
were determined so that fluctuating normal stresses exerted on
solid structures can be evaluated.

System and Measurements
In the experimental investigation, nitrogen gas at ambient

stagnation temperature flowed through a convergent nozzle
with exit diameter d = 2.03 cm and impinged on a square
metal plate normal to the jet (see insert, Fig. 1). The
stagnation pressure-P0 of the jet was varied up to 8 atm. The
dimension (15.2 cm square) of the plate was much larger than
the nozzle exit diameter, unlike the system studied by Morch2

at a particular nozzle pressure ratio. The distance 5 between
the nozzle exit and the plate was 1.0 and 1.5 of the nozzle exit
diameter. A fast-response pressure transducer with resolution
of 0.00136 atm, rise time of 2 ^s, and frequency response
from 2 to 40,000 Hz was mounted flush on the plate at the jet
centerline. Spark shadowgraphs also were taken of the flow
and shock structure in the gap between the nozzle and plate.

Results
The results of this investigation are shown in Figs. 1-5. In

Fig. 1, the magnitude of the peak-to-peak pressure fluctuation
AP normalized by the ambient pressure P^ is shown as a
function of the nozzle pressure ratio R=P0/P^ with spacing
s/d = 1.5. For the range of nozzle pressure ratios investigated,
there were two local peaks in AP, the first one at a pressure
ratio of approximately 2 (near the choked flow condition of
R-1.9) and the second peak at a pressure ratio of about 4.5.
The corresponding values of AP/P^ were about 1 and 3,
respectively. A study of the jet flow spark shadowgraphs and
endwall pressure traces indicated that the first peak in
pressure fluctuations AP at the plate occurred when the first
shock cell and the oscillating shock wave present in front of
the plate merged randomly to form a single oscillating shock
wave. As the pressure was increased beyond/? ̂  3.0, only one
shock cell was present in the jet flow. As the nozzle pressure
ratio was increased to 4.33, this shock wave began to oscillate
with large amplitude. (The maximum displacement of the
shock wave was approximately 10% of • the nozzle exit
diameter.) This resulted in strong plate pressure fluctuations
AP, as shown in Fig. 1. With such large pressure oscillations,
it was possible to recover almost instantaneously on the plate
the stagnation pressure upstream in the nozzle; i.e., at a
nozzle stagnation pressure ratio of 4.6, the peak pressure ratio
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Fig. 2 a) Shadowgraph of jet flow between nozzle exit and plate; and
b) plate fluctuating pressure trace with vertical scale 13.16
psi/division, horizontal scale 50 ps/division. Nozzle pressure ratio
R — 4.33; spacing s/d= 1.5.
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Fig. 3 Variation of plate mean and fluctuating pressure with nozzle
pressure ratio; spacing s/d =1.0.
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Fig. 4 Ratio of plate fluctuating to mean pressure for different
nozzle pressure ratio; spacing s/d = 1 .5.

Fig. 1 Variation of plate mean and fluctuating pressures with nozzle
pressure ratio; spacing s/d= 1.5.
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Fig. 5 Ratio of plate fluctuating to mean pressure for different
nozzle pressure ratio; spacing s/d = 1.0.
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on the plate (P/P.) +}A (AP/P^) =4.1. The strength of
these pressure pulsations then decreased as the nozzle pressure
ratio 'R was increased. Figure 2 indicates the fluctuating
pressure trace and one of the shadowgraphs at a pressure ratio
of 4.33 when large-amplitude shock oscillations occurred. The
normal shock wave standing in the jet flow oscillated at a
frequency/ of about 20 kHz. (Frequencies at the pressure
peaks are indicated in Figs. 1 and 3.)

Placement of the plate in the vicinity of the first shock cell
of the corresponding freejet (without the plate) produced a
spatial zone of shock-wave instability therein and caused the
shock wave to oscillate, which resulted in periodic pressure
pulsations on the plate. At a lower pressure ratio of about 2.5,
the pressure fluctuations AP were less because of the in-
teraction of relatively weak diamond shock in the jet. As the
nozzle stagnation pressure ratio R was increased, the mean
pressure P on plate increased (Fig. 1). At higher stagnation
pressures, larger pressure losses occurred across the shock
waves; i.e., the increase in plate recovery pressure is not
directly proportional to the increase in jet stagnation pressure.
The local peak and the decrease in mean plate pressure at a
nozzle pressure ratio of about 2.6 (Fig. 1) was associated with
the weaker diamond shocks in the jet changing to a stronger
normal shock cell (Mach disk) as the pressure ratio was in-
creased.

The ratio of the pressure fluctuation AP to the mean
pressure P on the plate, i.e., what the plate experiences, is
shown in Fig. 4 with spacing sfd- 1.5. The magnitudes of the
pressure fluctuations with respect to the mean pressure were
relatively large; at the_first peak, AP/P was about 0.5, and at
the second peak, AP/P was more than i .0.

Pressure data obtained with a smaller plate spacing of
s/d~ 1.0 are shown in Figs. 3 and 5. For the first peak, the
pressure fluctuations were about the same as for the larger
spacing, but for the second peak the pressure fluctuations
were less by 0.5 (cf. Figs. 4 and 5). This was due to the smaller
amplitude of the standing shock-wave oscillations and less
pressure loss across the shock (higher P) for the smaller
spacing.

Conclusions
The experimental investigation revealed local peak pressure

fluctuations on the plate at nozzle pressure ratios of ap-
proximately 2 and 4.5, with the latter case producing fluc-
tuations of the same order as the mean pressure on the plate.
The frequency of the oscillations was as large as 20 kHz. For
choked jet flow at ambient pressure higher than atmospheric,
the pressure fluctuations would increase accordingly, andv
therefore, adjacent solid structures would be subjected to
proportionately higher normal stresses. The shock-wave
oscillations in the axially varying velocity field of the jet
produce stagnation pressure changes across the shock and
corresponding pressure pulsations on the plate.
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Introduction

THE study of a turbulent jet of fluid injected at a large
angle into a cross flow is motivated by several

applications of interest, including the cooling of combustion
products and the aerodynamics of V/STOL aircraft. One
configuration that has been studied extensively is that of a
round subsonic jet of air discharging through a large flat plate
into a uniform subsonic cross flow. A dominant and per-
sistent feature of this flow is a pair of diffuse contrarotating
vortices that are deflected by the cross flow and swept
downstream. A model developed by Fearn and Weston has
been utilized to infer the properties of the vortex pair from
selected velocity measurements for perpendicular jet injection
into the cross flow.! These vortices play an important role in
determining the pressure distribution on the surface through
which the jet exhausts, and it is this pressure distribution that
is of primary importance in V/STOL aerodynamics. The
purpose of this Note is to present the effects of jet injection
angle on the properties of the vortex pair associated with a jet
in across flow.

Experiment
The experiment was conducted in the V/STOL wind tunnel

at NASA Langley Research Center, Hampton,Va. The ap-
paratus utilized in previous tests 1>2 was modified to provide
for jet injection angles d of 45, 60, 75, 90, and 105 deg into the
cross flow. A round jet of air 10.16 cm (4.00 in.) in diameter
was discharged through a horizontal flat plate into the cross
flow of the wind-tunnel test section. Effective jet-to-cross
flow velocity ratios of 4 and 8 were studied. As in previous
tests, velocities were determined with a rake of seven yaw-
pitch probes.

Results
A description of the diffuse vortex model and the procedure

for inferring the properties of the contrarotating vortex pair
associated with a jet in a cross flow from velocity
measurements are provided in Ref. 1. The physical properties
of the vortex pair for the cases studied in this experiment are
presented in Figs. i-3. Each point on a graph represents a
value of a parameter inferred from velocity measurements in
a given cross section of the jet plume. In each of these graphs,
a vortex property is plotted vs arc length S along the vortex
curve (the curve defined by projecting the vortex trajectories
onto the plane of flow symmetry). All lengths are non-
dimensionalized by the jet diameter Z>, and the effective
vortex strength is nondimensionalized by the factor
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